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ABSTRACT ) oL F
A simple periodic system is set up to demonstrate that the interstellar gas-

magnetic field system, which has been shown by Parker (1966) to be unstable to

a Rayleigh=Taylor type perturbation, can form an equilibrium state in which the.

interstellar gas is clumped discretely, 1t is demonstrated that in at least one

instance the total energy of the clumped system is less than the total energy in the

original atmosphere. It is believed that the results should be true for a much

wider class of situation than the simple system for which we have been able to

perform the mathematics.,
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1. INTRODUCTION

It has been demonstrated by Parker (1966) that the galactic, or interstellar,
magnetic field must be confined to the Galaxy by the weight of the interstellar gas
which is threaded by the field and is distributed throughout the galaxy. It is assumed
that the intergalactic medium (if any) exerts forces on the galaxy which are consider-
ably less than about 10_12 dynes/cmz. In such a case Parker shows that the inter=-
stellar gas-magnetic field system is unstable to a Rayleigh-Taylor perturbation.

The instability is of such a nature that the interstellar gas drains down the
field lines into the lowest regions of fields and tends to accumulate in 'pockets' -
separated by a distance of the order of the wavelength of the perturbation. The gas
in these pockets bears down on the field in the pocket leaving the field between
pockets free to expand upward until the Maxwell stress tensor balances the weight of
the gas. It is then of interest to consider the resulting configuration in order to decide
whether it represents the final state of the interstellar gas or is merely a transition
phase of the gas-field system,

In this paper we propose to consider the equilibrium structure of such a
configuration but do not intend to examine the stability of the system. This will
receive careful consideration in a later paper.

We suppose that the Rayleigh=Taylor instability is generated with the same
wavelength throughout the galaxy. In such a case, since the gas is tied to the magnetic
field, an initially uniform state will degenerate into sheets of material separated by some
scale distance large compared to the thickness of each sheet (which is determined by
the kinetic gas pressure). The sheets of material will then drop under galactic gravity

until the magnetic field is deformed sufficiently, when the field stress tensor will hold



the weight of the gas.
We do not believe that the particular model configuration described in this

paper represents the actual behavior of the interstellar gas-magnetic field system,

However we do believe that the essential physics of the real situation is captured
by the model and thus any results obtained for the model will mirror in a semi=-
quantitative manner the true behavior of the gas-field system.
2, THE MODEL
As depicted in Figure 1 we consider an infinite array of sheets at positions
x = 2na ,( n =0, +1, + 2, ...) extending between — o0 Y < 00 . The

galactic plane is chosen fo be the plane 4 =0 and the direction of the galactic
gravitational acceleration reverses across 94 = 0. Further we will concern ourselves
only with the case of a cold interstellar gas in order to keep the mathematics
tractable.* Also since the galactic magnetic field is tied down by the weight of the
discretely clumped gas it follows that there is a current flowing in each sheet, and
further the magnetic field is not force-free (Parker, 1966). We shall consider a
symmetric model in which the current is ) ( 9) = - J(_ 9) on
each sheet. Further, we will discuss a rigorously two-dimensional model where the
field components are in the X -y plane only, so that we have uniform currents
in the 7 =direction on each sheet which are dependent solely upon Y4 -

We further suppose that pervading all of space there exists a tenous, con-

ducting plasma so that the hydromagnetic equations correctly describe the system.

* We believe that the physical results derived are of a more general nature than the
limited case for which we can do the algebra.




In order to keep the mathematics at a reasonable level we suppose that pressure of the

tenuous plasma is negligible compared to the magnetic field stresses and the weight

: of the sheets of interstellar gas. Then VX LBN = O

the current sheets as though the surrounding plasma medium were vacuum.

Under the assumption of a steady-state configuration, we see that the

current density, ,‘I , can be written

:—I = %J(g)z‘ g(x—-lna> ,

N=—pd

The appropriate Maxwell equations then become

and

on the current sheets. As a consequence we can compute the magnetic field due to

everywhere except

(1)

2)

3)

In view of the fact that the current sheet system poinfs in the 2Z -direction

and is independent of 2 it follows that the magnetic field has components only

in the - 9 plane and
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where \323 -"8//@ > \/= 'JT?/Q) >< = WXA
Before we can proceed with the evaluation of the integrals which occur
in Egs. (8) and (9) it is obvious that the current J(S) must be specified. However
we are not at liberty to specify J(§> in an arbitrary manner, We must ensure
that the JX E force on each sheet balances (" %— at every point, «a_ ’
on the sheet; is the mass density of the material. Thus on each and every
sheet we must choose J(y) so that the Lorentz force < J (\/) Hx c”!

. -1
supports the weight of the gas Pgh on each sheet. Thus 2 J (\/) Hx ¢ = +0—2’-

Use of (8) enables us to write

{Z_J'(—\/_):P smh §(5)d%

- (\/) (\/ (10)
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where

G(Y) X)=oa(Y) Z g(x‘o?ha)

Setting coshY-1 = :F andecoshS—-1 =w we see that

Eq. (10) can be written
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=-r(§)9(-f) . ()



It is at this stage that some difficulty arises. We can either specify
G(Jc)g(gc) {which is positive definite) and try to find J (f‘) or we can guess
a functional form for JG) and hope that the resulting ¢~ (4) ?(—f) deter-
mined from Eq. (11) turns out to be positive definite. It is clear that, in general, we
have an exceedingly difficult non-linear integral equation to solve on the one hand
and that only a lucky guess or some flash of inspiration will help us on the other.

However, there exists a particular class of solution to Eq. (11) which has
the advantage of being mathematically tractable and at the same time it yields a

reasonable dependence for o (§) and J (£) . It is clear that if we can find

a \)' (‘f} such that

)

P Jlwda — ()
. F

(12)

where X >0 then o ({) % (-f) is always positive definite, It merely remains
to show that the J(%) and a(§) so derived both tend to zero as :5- , and thus
Y, tends to infinity.
One can solve Eq. (12) formally in terms of Mellin transforms, however, a
simpler procedure is to set J (4) = Jlo tS»_‘B/ where JO is constant.

It follows that this is indeed a solution of Eq. (12) with

[79]
o = ?S s = wATY S0 (13)

Q*(w—l)

provided O< ¥ < //Z



Thus a particular class of solution is

\ \
Wy = _Je / . (14)

o< ¥< Y,
V| (cosh¥ =1 )% ’ =
and
e (V)9lY) = T;J'TXJ': 15
-
N7 ARANE

We will see later that X has to be restricted even further from energy considerations

but at the moment we have thatany ¥ in O < Y < l/7_ yields a reasonable

variation for both J'(\/> and G—(Y) g(Y) .
It is clear by inspection that for a fixed X both J(\/) and 6—"} are
monotonically decreasing functions of \/ and vanish as \/ tends to infinity.

[ ' given - we see that the general expressions for
With J(\ by Eq. (14) hat th | exp f

H, (%) and H, (X, Y)  becoms

%——ij [coXeahy 1) "
c O/Y Lu®+ 2 (I-cnX cshy) +(eshY —es X )T )

|

SRV d
H‘g - QJOSW;:XSW\L\\/ / (17)
/u [/A p (1= csXesshy) + (coshV-cs X )]
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The integrals over/u can readily be evaluated'with © < ¥< //l and upon

so doing we find that

Ho = 2™ cos X{T:—tm“ [PrXsiby) ]
CSV\“WW%L\/—mX)Y (%stqu—n)j (18)

H, = 2T o Sia X sinh )/ S%[X{"‘_m—l ]
, ~ 2 (%xmk\/—:)] (9
SV\/\WX(%"\\/~CJSX>X,S\W\X§V‘ML\\/}

where

- ISfMXsfml«\/l
W}TGN\ )i(%sthy_w ] >0 |

(20)

By dafinition the current sheet system is periodic in x with period 27
and by inspection both H,e and H}’ are periodic in X with the same
period. Thus it is sufficient to consider boundary conditions on Ji in O XS 2'|T
and —® < y < 00 . The conditions that the field must meet are:
i) H% (X =T > = 0O {symmetry},
if) H,() “9 —> QO asg \/-—> + 00 forall >< {energy conservation),

iii) S\H;‘ + 3"\!/2 = 0O for all x and \/ (Maxwell's equation),

W Hy (X=+0) —H, (X=-0) = FIT Je (Maxwell's equation),
7 J ¢ (wshy —1)Y

v) “,9 (X:o?m.o)_[./? (X=O2'IT-O) - 4_-”-\]'0 (Maxwell's equation),

<(eshY 1)

*We treat the integral as a contour integral in the complex/q plane. Note that

/Ary‘/“"?{/"() so that on /u=//u/e"?"“ , /“6’: //"/xe
For U<’/y_ the poles occur at /u = %X%L\\/—]i‘ (‘ISV\V\X S;\AL\\/} .

Yy
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) vi) I"LL continuous across X= O forall \/ (Flux conservation),
. vii) H,( -Y) = Hax (\/> forall X (symmetry),
viii) %(-V) = H'? (\Y) forall X (asymmetry through ?(—Y}:-aﬂ))
ix) H\? (X-‘- +O) Hz (X'—‘*O) =2 ITO'(\/) 9 (\/) (equilibrium state).
It is clear by inspection that conditions i, ii, iv, v, vi, vii, and viii are
satisfied. Further, condition ix is autematically satisfied since we chose the current
system so that it would be. In fact substitution of Eq. (18) and (19) into the left hand
side of ix) and use of Eq. (15) shows directly that ix is satisfied. By direct calculation
with Egs. (18) and (]9))cnd after some tedious algebra)'it can be shown that the magnetic field

also satisfies iii.

3. THE ORIGINAL ATMOSPHERE
. Having set up a periodic equilibrium system of current sheets we now have the
following sequence of events. Under Parker's Rayleigh=Taylor type instability we
expect that a cold atmosphere with an X -pointing magnetic field and a density,
both varying with \/ but not with >< ;, will condense into current sheets in a
manner similar to that sketched above. We can then ask: Is it possible to find a
method of transforming the current sheet equilibrium system back into a uniform atmos-
phere with an )< -pointing magnetic field and a density which are functions of
y only?

It is clear that there is a transformation from the uniform atmosphere to the
current sheet system. To show this we start with a field which is in the X ~direction
and is solely a function of >/ . If we now clamp the field lines we are at liberty

to move the material along the field lines into sheets. Having done so we then clamp
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the sheets and release the field which clearly expands upwards between sheets. If
we now release the sheets they will drop under gravity until the magnetic field
becomes sufficiently bent when the J X B force will balance (Jg on
AN N
each sheet. It follows that we can reverse the process.
We denote by primed coordinates the original atmosphere. Then conservation

of matter demands that

a f(ﬁ')d’él = oly)dy (21)

!
where (3(?) is the mass density of the original atmosphere.

Since the magnetic field threads through the material it follows that

He (‘3)"=O>0(? = H(?')O‘?’ (22)

D

where H 699 is the )( ~pointing magnetic field in the original atmosphere.
Further since the atmosphere is an equiiibrium situation (admittedly unstable)
it follows that we require

HyY Y\ _ :
:é' ( X’?r > - (D(Vot’) (%) \ (23)

for cold gas.

We can write Eq. (23) in the form
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() ) )
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, A 2
Thus we can integrate to find H (/9') expressed as a function of ta,. .

y) o HY * *
T 5k ey ”

o

Under the reasonable assumption that the point Y =00 maps info the point Y = o
2
where H ('ﬁl: ©) =0 it follows that

00

Hly _ 11 ew)yafy! (26)
| 19y
¢

In general it is extremely difficult to evaluate the integral transformation ex-
pressed by Eqgs. (26) and (22) since 3(9') rather than ¢ (b) occurs in the
: : , - \ v !
integral in Eq. (26). However, if g s independent of / (and hence of Y/
since the gravity is imposed on the interstellar gas by the galaxy rather than being
a self gravity)*, it is possible to gain some insight into the behavior of the original
atmosphere in a relatively simple manner. For the remainder of this paper we will

concern ourselves solely with the case of constant gravitational acceleration.

/
* There is a discontinuity in the gravitational field on \/ = 0O or Y =0

in this case.
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. We then have

-

HZ(’?') = \jolaﬁLTrY dy

A (27)
3T 2.2 y s'w\tx‘*x(\//z)
Use of Eq. (27) in Eq. (22) shows that the differential scaling is
[ dp ~%
0'/ j(TchT'rrb’) Y smhtY (PA) 08
28
1y ERELTIAS :
where \//: TF? //Q
Further we have — '/2.
n <
% (T W\Z{ [ SW\W'Y(?/Z)
() 1‘&4—‘/2 ¢ (29)

2

2/ ! /
Before we can find explicit expressions for H ( >/) , (3 (Y )

?ac2 S(mlﬂ (Y/z >

and \/ as functions of y it is necessary that we assign a particular value to
?{ . However before this is done we need to consider the energy states of the

original atmosphere and the periodic current sheet system.

4, ENERGY CONSIDERATIONS
It is clear that a necessary, but by no means sufficient, condition that the
uniform atmosphere degenerate into current sheefs is that the energy in the original
atmosphere be greater than the energy in the current sheet system.
From symmetry it is sufficient to consider the energy in the range (O SX SZTT',

In this range we see that the original atmosphere has a total energy, say C‘O , of
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In view of Eq. (23) we see that Eo becomes

m——

h

. &0 5 ) 1Y = o0
£, = o | Hilyay! v o |y'Hlg) @
907 *-4,_,_1& fv'-o :

If the point Y '= 50 s not to produce a contribution to the energy we

require that HZ/‘yQ tend to zero faster than (%')-‘ for large % ' . Further

we also require that H?(Q') vary less rapidly than (%l)_) for small 7, I o

the point ?’ = (O produces a large (or infinite) contribution fo the energy. It

: 2 *
can easily be shown that for Y I large, i.e. ;L large, y "H (a') :O(#‘ @‘ZUy)
and thus vanishes as 9, tends to large values,

It can also be shown that for smali /

2 -4y
LQ, H (‘9') = O(y 2m¢ )** Thus the point ? = O produces zero

contribution to the energy provided Y < % Thus in order to obtain a

, and thus small ?, , that

physically reasonable energy in the original atmosphere we must now restrict ¥ to
the range O < ¥ < S/Q .

In such a case we have

* One considers the asymptotic functional form of (27) and (28).

** One considers the limiting values of (27} and (28) as 9 —> +0
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and upon making use of Eqgs. (27) and (28} in Eq. (32) we see that
- A - :
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Also in the range O¢ X < o?h_ we see that the current sheet system has

—

an energy, say é—'l , given by

O

20-0 poa P PA N
ZT, = J o J“’/‘? ?9(9)6‘(3)3(7() 1—27—;}"‘3 Jo{x [H,( (*)?)+H9(’(,9)].(33)
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Making use of Egs, (15), (18) and (19) in Eq. {33) we see that

> o SR
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Thus if the current sheet system is to be energetically preferred to the

original atmosphere we require fo P tl which can be written

st ¥ [ sinnY) J“’ Iy LY
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It can be shown (Appendix) that
d Wi

Ay | dX w 4 Gy [P0 ]t

UIVETY @
o ) (ashY-csx) [Mzy) 2
Thus Eq. (35) becomes L I/Z
cosT Y J(»?Trsfw?n\&) ¢ SW\L\‘*Y(C()] Az N
0 Sw\L\lY(2>
]
\ Z2dz
Swn Y —_— + :2 oY [T‘(Y)] 1 (37)
) SLV\L\‘PJ(E ) .

[7(2%)]*

Clearly if the current sheet system is energetically more favorable than
the uniforn atmosphere then there exists at least one value ¥ in the range
o< Y < 3/2 such that (37) is obeyed.
For arbitrary ¥ we have been unable to demonstrate analytically that
Eq. (37) is satisfied. However in the particular case of Y= ‘/q_ we find

that Eq. (37) becomes

. 2, z - 4
S J%e 9:‘?) > + [2] (5/°r>] (38)
of[l-e%gt 4 ™

Upon evaluating the integral in Eq. (38) numerically we obtain

6°30-2°47-344>0 (39)

for less energy in the current sheet system,
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Thus for the particular value of = I/‘]- we obtain a 6 per cent
reduction in total energy if the original atmosphere degenerates into sheets. The
decrease in gravita tional energy is some 21 per cent while the magnetic field energy
undergoes a 9 percent increase. It may at first sight seem a little surprising that the
magnetic field energy shows an increase, However we can readi ly demonstrate that
this is indeed the case. Consider the uniform atmosphere where we first clamp the
field and move the material into sheets and then release the field, but clamp the
material. It is then clear that the field expands upwards thereby decreasing its
energy. If we now unclamp the material it drops under gravity thereby decreasing
its gravitational energy but dragging the field with it. Thus the magnetic field
is stressed by the dropping and hence this tends to try and increase the magnetic
field energy. Thus, whether the field energy increases or decreases depends upon
how the material is distributed on the sheets and in the original atmosphere. In the
case of Y= l/‘l' it happens that we obtain an increase.

We do not contend that ¥ = |/+ is the case which leads to the largest
positive value for Eo"' Z;’ but it does illustrate the non=linear behavior of
the system. For other distributions of matter the linear calculations (Parker, 1966)
indicate the trend of the instability and the general method of approach used in this
paper can be employed. However the calculations would probably have to be performed

numerically, With = '/9— it can be easily shown that

HAY') = 4vz mrc nlath (V)] (40)
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as functions of y .

i

Further we have

—'rdn"\(Y/z> ;I/z.
Wlah()] 1 7

\/,:‘ 4Jr é Y<<| , (42a)

\// ~ h‘ \/ ) \/ >> / (42b)

| oxg
From Egs. (40) and (42q) it can be seen that Y H (\/ ) tends to zero

/
with >/ tending to zero or infinity as is required by Eq. (31).

5. DISCUSSION
In the above somewhat idealized calculation we have attempted to illustrate
the behavior of the interstellar gas after it deviates from a uniform atmosphere due
to a Rayleigh~Taylor instability. Despite the fact that there are several restrictions
built into the model, for example no kinetic gas pressure, no cosmic rays, infinitely
thin current sh‘eets; we nevertheless believe that the physics described in this paper

does apply to the real interstellar gas and that the results derived give a reasonable
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indication of the behavior of the galactic interstellar gas.

On the basis of the model chosen it appears that it is energetically more
favorable for the uniformly spread interstellar gas to form into sheets of material
separated by roughly the wavelength of the most unstable Rayleigh-Taylor perturbation.
However a word of caution needs to be inserted here. Although we have calculated
the field and gas sheet system as though it were an equilibrium state no proof has been
given that it is a stable equilibrium. In fact we will see in a later paper that it is
unstable and thus the current sheet system can at best represent a reasonably long~
lived transition phase of the interstellar gas.

We have done this calculation in order to try and demonstrate that the
interstellar gas-magnetic field system, which starts off as a uniform atmosphere,
can lower its total energy content by breaking up into a discrete periodic structure;
and further to illustrate that in so doing the gas tends to come to a lower level in

the galactic gravitational field.
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Now it can be shown (Gradshteyn and Ryzhik, 1965) that
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With ? = <oc L\2>/ we have

| =
1= Tr'f i F -y (A5)
o (|-p)** (3, NI

It can be shown (Erdelyi et. al., 1954) that

[ ke
’ 1( ﬂ( (A6)
[ T) 3}"?‘_ (O L)(B')c)(Om")’))
Hp o)
provided 'QQ ((’)>O ) pq (G’))O) R (C-rﬁ_ Q—L) >0 .
Use of Eq. (A6) in Eq. (A5) yields

i i =
T = w1 [¥) "-2%) 3/1 (;';x) - Ol -y )) (A7)
M=) o

and

3)'2 (a,b ))dc ) = E(}g} ).,> (A8)

Thus

- ] -2 — /| L
T = 00l i)y
M-Y)
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It is well known that

abyc 1) = T(T (el
Mea) T(e-b)

Thus
3
T = 7= w2y
» (A10)
M4+x) [T-¥)]=
Use of SwTi + P(%) F("%) =T together with the duplication formula
I~z
P(:'Z r2)"(z2) =Jr 2 )”(g;)
)
gives

1 = é(‘v—l fan Y [{1(7)_]7' (A11)
[7(2%)]*% 2

which is the required result.
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